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The statistical properties of a large number of weakly nonlinear waves can be described in the framework of the Weak Turbulence Theory. The theory is based on the hypothesis of an asymptotically large system. In experiments, the systems have a finite size and the predictions of the theory may not apply because of the presence of discrete modes rather than a continuum of free waves. Our study focusses on the case of waves at the surface of water at scales close to the gravity-capillarity crossover (of order 1 cm). Wave turbulence has peculiar properties in this regime because 1D resonant interactions can occur as shown by Aubourg & Mordant. Here we investigate the influence of the confinement on the properties of wave turbulence by reducing gradually the size of our wave tank along one of its axis, the size in the other direction being unchanged. We use space-time resolved profilometry to reconstruct the deformed surface of water. We observe an original regime of coexistence of weak wave turbulence along the length of the vessel and discrete turbulence in the confined direction.
I. INTRODUCTION
The dynamics of nonlinear random dispersive waves are involved in many physical systems such as magnetized plasmas [1] , optics [2] , thin elastic plates [3] , capillary waves [4] or geophysical flows [5, 6] . In the case of nonlinear interactions involving a large number of modes, such systems can evolve into a turbulent state. By 'turbulent' we mean generically a system involving a large number of degrees of freedom and driven out of equilibrium. In this state, the natural approach is statistical. In the very specific limit of an asymptotically large system and of a weak nonlinearity, the statistical properties of such systems have been studied in the framework of the Weak Turbulence Theory (WTT) since the pioneering work of Zakharov, Benney and Newell in the 60's (see [7, 8] for recent reviews). The former hypothesis implies that no discrete modes exist and the latter means that only resonant waves can exchange a significant amount of energy over a finite time. Based on these hypotheses, predictions of the evolution of statistical quantities such as probability distribution or wave spectrum can be derived. For forced and statistically stationary turbulence, the WTT predicts in most cases a direct cascade of energy from the forced scales down to small scales at which dissipation is the most efficient. In many cases, the calculation of the stationary wave spectrum is enabled by the use of the Zakharov transformation [7, 9] .
In this article, we focus on the case of waves at the surface of water. Two asymptotic regimes exist: at large scales the dynamics of the waves is ruled by gravity and at small scales by capillarity. For water, the former is relevant for oceanic waves and the latter is relevant at submillimetric scales. An open question is if and how the energy cascade in the gravity range can connect with a possible energy cascade in the capillary range. Here, we focus on the intermediate scales at the crossover between gravity and capillarity i.e. at centimetric scales. Previous work in this regime by Aubourg & Mordant [10, 11] reported that wave turbulence at these scales was specific in the fact that 3-wave resonant interactions are possible among unidirectional wave packets. This is due to the fact that the dispersion relation of the linear waves is not a pure power law (as opposed to the asymptotic regimes). Indeed the dispersion relation relating the wavenumber k and the angular frequency ω is
where γ is the surface tension, ρ is the water density and g is the acceleration of gravity. It evolves from k 1/2 at low k to k 3/2 at high k and it is changing its curvature at the capillary-gravity crossover. Furthermore the unidirectional interactions appear to be dominating the nonlinear activity as compared to interactions between waves propagating at an angle from each other [11] . Thus it opens the possibility of a unidirectional wave turbulence. We stress that such a '1D' wave turbulence involving 3-wave coupling is somewhat exotic. Indeed theoretical works consider most often dispersive waves with dispersion relations that are power laws (ω ∝ k α with α > 1 for resonant 3-wave coupling) that have interesting scaling properties. For such dispersive waves, non trivial 3-wave resonant coupling must involve waves that have distinct propagation directions.
In order to test experimentally if such a '1D' turbulence could exist we reduce the size of our wave tank along one of its axis, keeping the other size unchanged so that to confine progressively the turbulence towards a 2D channel. Thus we are clearly at odds with the hypotheses of the kinetic regime described in the WTT because of the confinement but we remain in the limit of weak nonlinearity. Thus we expect that the nonlinear interaction will remain dominated by resonant or quasi-resonant interactions.
The direct consequence of finite size is the presence of discrete linear modes that may reduce or even prevent the presence of solutions of the resonance equations such as
for the case of 3-wave interaction. For instance, Kartashova noted that for pure capillary waves in a square box, no exactly resonant solutions exist [12] . For confined gravity waves (4-wave coupling), the number and the size of clusters of interacting waves is strongly depleted [13] . This effect can be overcome if the level of nonlinearity is increased. Indeed due to nonlinearity a spectral widening exists when T N L is finite. The nonlinear spectral width ∆ω N L ∝ 1/T N L increases with the level of nonlinearity. If the mode separation δω is small enough then one can have ∆ω N L δω and the energy exchange would not be sensitive anymore to the discreteness of the modes. Thus for a large enough size and a large enough level of nonlinearity one may recover a continuous regime. This transition was analyzed numerically in details by Pan & Yue [14] in the case of pure capillary waves.
The situation in which the discrete character can not be discarded is called Discrete Wave Turbulence (DWT). Recent works have focused on DWT numerically either in the gravity regime or in the capillary regime [13] [14] [15] and experimentally for gravity waves [16, 17] . In such a situation, Nazarenko proposed a sandpile scenario: the energy piles up at large scales until the nonlinearity is large enough and triggers an avalanche of energy across scales [18] . Then the systems calms down and starts accumulating energy again. If the level of nonlinearity is too weak then a regime of frozen turbulence was observed numerically for capillary waves [19] . Because our confinement concerns only one axis of the tank, the question is whether our system can still develop a state of continuous interaction in the unconfined direction.
In large enough systems (in all directions) and for weak nonlinearity, the WTT should apply. Let us review shortly observations in the asymptotic regimes : pure gravity waves or pure capillary waves. The WTT predictions for gravity waves are not consistent with the laboratory experiments: The observed spectral exponent of the gravity waves is seen to change strongly with the forcing magnitude and to be close to the WTT predictions only at the highest forcing amplitudes, which appears to be at odds with the hypothesis of weak nonlinearity [17, 20, 21] . By contrast, in the ocean, at very large scales, observation of the spectra appear compatible with the theoretical predictions (see for instance recent observations [22, 23] ). For capillary waves, experiments seem to follow better the predictions of the WTT especially at strong forcing [24] [25] [26] [27] [28] but much less at weak forcing [11] .
The reasons invoked to explain the mismatch between theory and experiments are dissipation and finite size. Indeed the theory largely discards the presence of dissipation. The wave equation is usually supposed to be inviscid and dissipation is only used to absorb the energy flux at small scales. In real life, dissipation is usually broadband i.e. not only concentrated at vanishingly small scales. A kinetic regime assumed in the WTT would occur only under the assumption of scale separation: the nonlinear timescale of interaction T N L must be large compared to the wave period T and the dissipation time T d must be even larger so that:
In water experiments, this may not be the case because of viscous dissipation as shown in [29] or it may require to increase the level of non linearity at the risk of breaking the scale separation T ≪ T N L . Even if a true scale separation is observed, dissipation may still have an impact on the scaling properties of the wave spectrum as has been shown in [30, 31] for the case of a vibrating elastic plate or in [32] for gravity-capillarity waves. We first describe briefly our experiment (part II) and then show the evolution of the Fourier spectrum of the wave field (part III) when the confinement is increased. We then perform a bicoherence analysis to detail the nonlinear coupling among the waves (part IV). Part V is made of a discussion of the results.
II. EXPERIMENTAL SET-UP
case l0 l1 l2 l3 l4 width (cm) 37 32.5 18.5 11 7 aspect ratio 1.5 1.8 3.1 5.2 8. 1   TABLE I : Values of the confinement that have been used for the variable width tank. Its length is 57 cm and the configurations that we consider in the following (labelled case l 0 to l 4 ) correspond to decreasing the width of the from l 0 = 37 cm down to 7 cm. The corresponding aspect ratio is changing from 1.5 up to 8.1.
We performed experiments in two configurations. The first one is a wave tank whose width can be tuned continuously from 37 cm down to 7 cm (see table I for actual values). The length of the tank is 57 cm (along the x axis) so that the aspect ratio of the wave tank increases from 1.5 up to 8.1. At the lowest confinement it is similar to the one used by Aubourg & Mordant [10] . The depth of water at rest is 6 cm, corresponding to deep water regimes considering wavelengths of gravity-capillary waves that are less than 10 cm (kh > 1 where k is the wavenumber and h the depth of water at rest). Great care is taken to prevent surface contamination in order to avoid dissipation by conversion to Marangoni waves [33] . The waves are generated by exciting continuously horizontally the container (along its long axis x) using an oscillating table controlled by a sinusoidal tension modulated around a central frequency equal to 2 Hz with a random modulation in an interval ± 0.5 Hz around the central frequency. The deformation of the water surface is reconstructed using the Fourier Transform Profilometry [34, 35] (see fig. 1 and [11] for more details of the set-up). The water is mixed with Kronos 1001 titanium dioxide particles with a volume fraction of 1% to improve its optical diffusivity making possible to project on its very surface a sinusoidal grayscale pattern. These particles are chemically neutral and do not alter the surface tension of water as stated by Przadka et al [33] . As the waves propagate the pattern seen by a high speed camera is deformed. The deformation of the pattern can be inverted to provide the elevation field of the waves. In this way we obtain a full space-time resolved measurement of the wave field. The images are recorded at 250 frames/s with a resolution of 1024 × 1024 pixels 2 covering a 20 × 20 cm 2 area at the center of the tank in the case l 0 . When the width of the channel is reduced the resolution is adapted to the width of the channel. The number of pixels along the y axis is reduced accordingly down to a resolution of 360 pixels keeping 1024 pixels along the x axis. The second configuration is a high aspect ratio channel of length 1.5 m and a given width of 10 cm. Its aspect ratio is thus 15. The major interest of this configuration is the much higher length, thus with even less confinement along the x axis. The water depth is the same as well as the measurement method. The images were recorded at the same frequency with a resolution of 1024 × 325 pixels 2 covering a 31 × 10 cm 2 area around the center of the channel. For all experiments, the average slope of the waves is kept at a value of close to 3% in order to remain in a weakly nonlinear regime. We expect that this regime corresponds to the weak regime identified by [36] .
III. FOURIER SPECTRA
In a first attempt to identify the effect of confinement, we show in fig. 2 (a) the frequency spectrum of the wave field for all confinements (averaged over all positions). For convenience, we actually compute the spectrum of the vertical velocity
is the instantaneous height of the free surface). Except for the case of the strongest confinement the decay of the full spectrum is only weakly affected by the confinement. In a frequency band near the forcing (roughly between 1 and 4 Hz) a collection of peaks is visible. It corresponds to a range of development of the cascade. Indeed in the phenomenology of the WTT, the kinetic regime is supposed to occur at frequencies much higher than the forcing ones. This is due to the fact that the phases have to become random due to nonlinear interactions [7] whereas the phases in the forcing range are imposed by the shaker. This development of the cascade may occur through the modulational instability of the forcing modes as suggested by Xia et al. [27] . At frequencies higher than about 5 Hz the spectrum is smooth for the weakest confined case. This corresponds to an 'inertial' range. At frequencies higher than 40 Hz the signal reaches the noise level of the measurement technique. The evolution of the spectrum in the inertial range does not follow a power law decay in contrast with the WTT predictions. It has been discussed in [29] that, for water waves, the viscous dissipation does not allow for a wide enough scale separation between the forcing range and the viscous scales (and the issues is even worse when surface contamination is present). Thus the wave spectrum is affected by dissipation and deviates from the theoretical predictions. This impact of dissipation was also investigated for elastic wave turbulence in a vibrating plate [30, 31] . In our opinion, the power law spectra reported previously by Falcon et al. [20] (at least at the strongest forcing for which the scaling is the (table II) .
clearest) correspond most likely to the strong regime identified by Cobelli et al. [36] in which coherent structures are present as discussed by Berhanu et al. [37] . Here we keep the steepness of the waves very low and, as previously reported in [10] , no power law decay is observed. Nevertheless, as investigated previously in [10, 11] , we trust that we are in a sort of kinetic turbulent regime altered by dissipation. A difference is visible between the weakest confined cases and the most confined one (l 4 ): in the latter some peaks are visible in inertial range emerging from the continuous spectrum (better seen in fig. 2(b) , black curve). In order to have a deeper analysis of this observation we compute the spectrum of the purely longitudinal waves (that propagate fig. 2(b) . The longitudinal spectrum (blue curve) remains continuous and monotonous in the inertial range whereas the spectrum of the transverse waves (red curve) shows strongly pronounced peaks that corresponds to the ones visible in the full spectrum (black curve). These peaks correspond to the transverse modes expected from the confinement. Their frequencies can be computed using the discrete wavenumbers k y = nπ l 4 and the dispersion relation (1):
n being an integer related to the order of the mode. The corresponding values are shown in table II and shown as vertical dashed lines in fig. 2(b) . Thus we observe an original mixed state of a continuous kinetic-like regime in the longitudinal direction and a discrete regime in the transverse direction. TABLE II: Theoretical frequency of the purely transverse eigen-modes of the tank with the confinement l 4 = 7 cm computed using (4) and shown in fig. 2(b) .
In order to investigate more precisely the spectral content of the wave field, we compute the full frequencywavenumber Fourier spectrum noted E v (k, ω). Similarly to the previous analysis, we distinguish the spectrum E v (k x , k y = 0, ω) of purely longitudinal waves (that propagate along the long axis of the tank, x-axis, which is the direction of the forcing as well) from the spectrum of purely transverse waves E v (k x = 0, k y , ω). The spectra of the longitudinal waves for the unconfined experiment and the l 4 case are shown in fig. 3 . In the unconfined case ( fig. 3(a) & (c)) the spectra of transverse and longitudinal waves are quite similar: the energy is continuously spread along the dispersion relation of deep water waves (1) with γ = 72 mN/m the surface tension of pure water, ρ = 1000 kg/m 3 and g = 9.81 m/s 2 . The fact that the forcing is along the x axis shows up in the fact that the energy of transverse waves is smaller but a directional redistribution of energy is operating as observed in our previous work [10, 11, 38] . These observations are qualitatively compatible with the direct cascade of energy predicted by the theory [4] and these spectra are consistent with observations reported in [36, 39] for instance. By contrast, the longitudinal and transverse spectra observed in the confined case ( fig. 3(b)& (d) ) are very different. The spectrum of longitudinal waves is almost unchanged but the transverse spectrum is now made of well separated peaks corresponding to the modes of the container. It should be noted as well that a broadening of the spectrum is observed in this case of strong confinement due to a reduced resolution in k y related to a smaller width of the images that are bounded by the walls in the y direction. The resolution in the k x direction is not altered as the size of the image is unchanged along the x-axis.
To observe more progressively the emergence of the discretization of the spectra, we display in fig. 4 the frequency spectra E v (ω) of longitudinal and transverse waves for all values l i of the width of the channel . For longitudinal waves the frequency spectra are continuous and similar in all cases, as previously shown in fig. 3 . Only the most confined case shows a slightly distinct decay of the energy but even for this configuration, the spectrum remains continuous.
For transverse waves ( fig. 4(b) ) we observe a transition from a continuous spectrum (for l 0 and l 1 ) to a discrete spectrum for the more confined cases. The peaks of the spectrum become more and more separated as the confinement increases as expected from (4). The spectrum becomes discrete when the spectral width between peaks becomes larger than the width of a single peak. This observation is qualitatively consistent with the predictions of [13, 18] although the exact qualification of our state between 'discrete', 'frozen' or 'sandpile' is unclear thus we use the word 'discrete' as generic term. In particular the interactions of transverse waves and oblique or longitudinal ones makes the phenomenology more complex.
In the framework of the Weak Turbulence Theory, for simple dispersion relations behaving as ω ∝ k β , the predicted energy spectrum E(k) can often be written as:
where k = k is the wave number, P the energy flux, C a dimensional constant and α the spectral exponent [7] . N is the number of waves taking part in the resonances: Indeed one of the hypotheses of WTT is that energy is transmitted among resonant waves. At the lowest order, it involves 3 waves that have then to satisfy the resonance conditions (2). In the case of gravity waves the resonance conditions do not admit solutions for 3 waves because of the negative curvature of the dispersion relation in deep water ω = √ gk. One needs to consider the next order which involves 4 waves. For the capillary domain the dispersion relation for infinite depth is ω = ( ω −17/6 for capillary waves [4] . In our experiment, we do not observe power laws but a decay which is faster than f −5 ( fig. 4) as is often observed in experiments (due to finite size or dissipation as discussed above) [17, 20, 21, 29, 40] and the steepness of the spectrum is not depending on the confinement.
Let us focus now on the directional properties of the wave field. We show in fig. 5 a cut of the spectrum E v (k, ω) for two given values of the frequency in the case of strongest confinement. In (a) the frequency has been chosen in between the frequencies corresponding to two successive transverse modes. In (b) the given frequency is that of a transverse mode. As expected from fig. 3 the energy is located on a circle that corresponds to the linear dispersion relation (black circle). For both (a) and (b) the energy is quite isotropically distributed except near the purely transverse waves corresponding to small values of k x . In (a) a strong dip is observed at k x = 0 related to the fact that there is no purely transverse mode at that frequency. A peak of energy is observed at a position slightly turned from the k y axis that corresponds to a discrete oblique mode (black arrow). Modes that would be more oblique are not visible as the spectrum is then continuous for directions closer to the k x axis. In (b) a strong peak is observed at k x = 0 corresponding to the transverse mode that resonates accross the channel. Figure 6 shows the effect of the amplitude of the forcing on the transverse spectrum of the waves in case l 3 . Increasing the nonlinearity induces two effects. First the height of the peaks is lowest (or the trough between adjacent peaks is less deep) at strongest forcing due to a widening of the peaks. Second, the frequency of the peaks is slightly modified most likely due to non linear corrections on the dispersion relation as that reported by Berhanu et al. [39] . A similar feature was also reported for wave turbulence in an elastic plate [41] . The widening of the peak is due to a decrease of the non-linear timescale. For close enough peaks or strong enough a nonlinearity one expects that the peaks will merge and the spectrum will evolve into a continuous spectrum (as seen for capillary waves by Pan & Yue [14] and for elastic waves by Mordant [41] ). This may not happen if it requires a too strong level of nonlinearity so that other phenomena such as drop ejection may occur that would change significantly the underlying physics.
Thanks to the Fourier spectra, we were able to identify that when the confinement increases in one direction, we still have a weak turbulent regime for the waves that propagate in the unconfined direction with a typical continuous aspect whereas the energy spectra of the waves propagating in the confined direction are distributed only on the discrete transverse eigenmodes of the vessel. A coexistence between weak turbulence and discrete turbulence is clearly observed.
We will focus in the next part on the nonlinear interactions between resonant waves.
IV. 3-WAVE INTERACTION
FIG. 7: Domain of existence of resonant waves (2) in the frequency domain for gravity-capillary waves. The solid black line is the border of this domain and corresponds to interactions between three copropagating waves. The gray pattern area above the solid black line represents solutions where the directions of the three waves are no longer the same. In the white area below the solid black line, no resonant solutions exist.
As briefly discussed in the previous paragraph, one of the outcomes of WTT is that energy is transmitted among resonant waves. At the lowest order, for pure capillary waves [4] , it involves 3 waves that have then to satisfy the resonance conditions (2) . It is possible to find geometrical solutions to this system using the linear dispersion relation of gravity-capillary waves. Fig. 7 shows the domain of existence of resonant waves in (ω 2 , ω 3 ) variables. For too small values of either frequency, no 3-wave resonant solution can exist. This is related to the fact that no resonance can exist among 3 purely gravity waves due to the curvature of the dispersion relation. For large enough values of ω 2 and ω 3 solutions exists as is the case for purely capillary waves. A border exists (black line) above which resonant solutions can exist that correspond to 3 wave propagating in distinct directions [10, 42] . At the border, waves propagate in the same direction.
To investigate the 3-wave coupling in our data, we compute third order correlations of the velocity field. From v(x, y, t), we compute the Fourier transform in time over 4 s time windows so that to obtain v(x, y, ω). 3-wave bispectra or rather bicoherences (i.e. dimensionless bispectra) are then computed as
where * stands for complex conjugation and the average ... stands for an average over successive time windows and a space average over (x,y) positions on the image. E v (ω) = |v(x, y, ω)| [10] . In particular the correlations observed in the "forbidden region" are due to quasi-resonnances allowed by the finite level of nonlinearity. The bicoherence measured for the strongest confinement l 4 = 7 cm is shown in fig. 8 (b). It shows a quite different organization of the signal with a dotted pattern rather than a continuous line as observed in (a).
To better understand this observation we compute separately the bicoherence of the velocity of longitudinal and transverse waves. Both cases are shown in fig 9. As it was observed for the spatiotemporal spectra where the longitudinal spectrum was not affected by the confinement, the same observation is seen for the bicoherence of the longitudinal waves which looks similar to the bicoherence of the unconfined case. Note that the statistical convergence of the bicoherence is lower than that of the full field as less wave configurations are averaged. By contrast, the bicoherence of the transverse waves shows only interactions among the scattered transverse eigenmodes of the vessel. For some unclear reasons, only even order modes appear in the bicoherence.
We show, in fig. 10 similar pictures of the bicoherence of the full field as well as the transverse and longitudinal waves in the case of the high aspect ratio channel (the second configuration with a 1.5 m long channel). The difference between the longitudinal waves and the transverse ones is even more striking in this configuration. The longitunal waves have a continuous spectrum with dominant almost 1D interactions similar to the one reported in the unconfined case at weak nonlinearity. By contrast, the transverse waves show only a few discrete peaks.
All these observations confirm that the energy cascade for discrete turbulence transfers energy essentially from one eigenmode to another but with a whole different scheme from the weak turbulence theory.
V. DISCUSSION
The weak turbulence theory has been developed for dispersive waves. For a simple dispersion relation ω ∝ k β with β > 1 as is the case for pure capillary waves, only trivial solutions exist for the resonance of unidirectional waves. 1D 3-wave resonances are allowed for non dispersive waves (β = 0) but in that case it could lead to the formation of shocks [8] : As all wavetrains travel at the same velocity, they have an infinite time to interact in a ray and exchange energy. For gravity-capillary waves the dispersion relation (1) is more complex and its change of curvature enables non trivial 1D resonances. These waves are dispersive so that the interaction time remains finite but possibly much longer than that of waves that would travel in different directions. Indeed near the gravity-capillary crossover, the waves are only weakly dispersive as a minimum of phase and group velocity is observed. This is most likely the reason why the bicoherence corresponding to 1D resonances is seen to be the strongest in our experiments. Note that the dominance of 1D nonlinear coupling does not mean that 2D interactions are not present. Their coupling is much weaker but most likely they play a major role in the angular redistribution of energy which is clearly operating in our experiments. The total flux of energy is due to subtle global balances of all interactions. Note also that the 2D interactions are more numerous than the 1D interactions so that their role in the global budget can be significant even though individual interactions are much weaker.
Our observations show that due to this peculiar property of gravity-capillary waves, a mixed state of kinetic weak turbulence and discrete weak turbulence can be observed in our channel. Wave turbulence remains continuous in the unconfined direction and discrete in the transverse direction. In the case of strong confinement, the transverse modes become widely separated in frequency so that the linear coupling between modes must be extremely weak. One could then observe several states of weakly coupled kinetic 1D wave turbulence along the unconfined direction but involving distinct transverse modes. The experimental difficulty would be that for a very narrow channel, dissipation by the walls will become very strong and possibly prevent the development of a purely 1D wave turbulence with a single transverse mode.
Our system shares some similarities with nonlinear propagation of light in a multimode fiber although the integrable turbulence observed in optical fibers is very distinct to weak turbulence. Our case is also reminiscent of that of inertial waves of a rotating fluid in a vertically confined channel studied by Scott [43] : Discrete modes are considered in the vertical direction and continuous 2D wave spectrum in the horizontal plane. 15 
